Magnetic chains on superconducting systems have emerged as a platform for realization of Majorana bound states (MBS) in condensed matter systems with possible applications to topological quantum computation. In this work we study the MBS formed in magnetic chains on twodimensional honeycomb materials with induced superconductivity. We establish phase diagrams showing the topological regions (where MBS appear), which are strongly dependent on the spiral angle along the chain of the magnetic moments. In particular, find large regions where the topological phase is robust even at large values of the local Zeeman field, thus producing topolgoical regions without an upper bound. Moreover, we show that the energy oscillations of the MBS can show very different behavior with magnetic field strength. In some parameter regimes we find increasing oscillations amplitudes and decreasing periods, while in the other regimes the complete opposite behavior is found with increasing magnetic field strength. We also find that the topological phase can become dependent on the chain length, particularly in topological regions with a very high or no upper bound. In these systems we see a very smooth evolution from MBS localized at chain end points to in-gap Andreev bound states spread over the full chain.
I. INTRODUCTION
Majorana bound states (MBS), which naturally appear as zero-energy edge states in topological superconductors, have been receiving great attention as possible building blocks in topological quantum computation protocols.
1 Several theoretical proposals to realize MBS have been put forward, including semiconductor nanowires with strong spin-orbit coupling [2] [3] [4] and chains of magnetic atoms 5 deposited on superconducting materials. Shortly after the predictions, promising experimental verifications were also reported.
6,7
Interfaces of magnetic systems and topological insulators in proximity with superconductors also offer attractive possibilities in the search for MBS in condensed matter systems. [8] [9] [10] [11] Dating from the early work of Fu and Kane, 12 it has been proposed that topological superconductivity can emerge in a junction of a quantum spin Hall insulator (QSHI) supporting conventional s-wave superconductivity and a ferromagnetic insulator. 4 Additionally, two-dimensional (2D) materials with graphenelike honeycomb structure and strong spin-orbit coupling have long been theoretically proposed as QSHIs. 13 Recently, experimental observation of QSHI behavior has been reported, such as in graphene decorated with Bi 2 Te 3 nanoparticles 14 and in monolayer WTe 2 systems. 15 These findings indicate the presence of a topological phase and support a description given by the Kane-Mele model 13 in these materials. Other honeycomb lattice materials, such as silicene and stanene, are also known to have induced superconductivity when doped. 10, 16, 17 This, coupled with the fact that they already have substantial spin-orbit interaction make all these materials very promising platforms for MBS.
A rather simple alternative way to realize a 1D topological superconductor is to form a chain of magnetic impurities (defects or adatoms) on a superconducting surface (away from the edges), such that at the ends of the chain might display MBS. 5 In fact, several recent experimental works using low-temperature STM have reported the presence of localized states at the end of the chains which would be consistent with MBS. 7, [18] [19] [20] The main features of this arrangement can be captured by a simple (single-particle) model, considering a 1D chain of magnetic moments defined by a on-site "Zeeman field", such that at the ends of the chain might display MBS.
5,21
In all of these platforms for realizing MBS, there are multiple challenges even on the theoretical side. For instance, for a given system, it would be highly desirable to i) establish the phase diagram, showing the topological phases and ii) introduce protocols to experimentally differentiate MBS from any other non-topological in-gap state. In the case of semiconductor nanowires, early experiments faced the challenge of distinguishing MBS from other non-topological zero-modes 22 such as Kondo resonances 23 and especially Andreev bound states (ABS), possibly disorder-induced, 24 which can mimic some behaviors of the MBS but without topological protection. One of the theoretical proposals for establishing "smoking gun" signatures is the splitting of the MBS due to the finite-size interaction between the two MBS on either end of the wire. This splitting, or "gap", was predicted to oscillate with increasing amplitude for increasing magnetic field, while the amplitudes decay exponentially with the wire length. 25 Recently, oscillations were experimentally observed in InAs nanowires, 26 but with decreasing amplitude with increasing field, a behavior opposite to theoretically predicted. This prompted some alternative proposals, which pointed possibly to ABS (and not MBS) as the source of the gap oscillations. 27 Several other recent studies also underline some of the difficulties in distinguishing MBS and ABS. 28, 29 arXiv:1808.07402v1 [cond-mat.mes-hall] 22 Aug 2018
In this work, we focus on the distinction of MBS and ABS, but in a different setup. Namely, we study a chain of magnetic impurities deposited on a QSHI described by the Kane-Mele model on the honeycomb lattice 13 with induced superconductivity. There already exist multiple possible realizations of this simple model already, as discussed above.
10,14-17 Even more importantly here, it is a simple system to study, yet, as we will show, it has an involved phase diagram and displays complicated relationships between MBS and ABS. An additional motivation for using this system is the possibility of exploring the role of edge QSHI states in the formation of MBS in magnetic chains. Since QSHI edge states and MBS occur at similar energy scales, it is important to first have a firm grip on the physics of the formation of MBS away from the edge.
We show that the topological regions in the doping vs. magnetic impurity field strength phase diagram are strongly influenced by the magnetic ordering along the chain, such as ferromagnetic, antiferromagnetic, or different spiral orders. Especially for spiral chains we find phase diagrams where there is no upper bound in magnetic field on the topological phase. In the topological regions, the presence of MBS is very generally accompanied by gap oscillations, but these display surprisingly different behaviors depending on the system parameters. In some cases, a behavior similar to that predicted in Ref. 25 is obtained, with oscillation amplitude increasing and period decreasing with magnetic field strength. However, in other cases we discover the complete opposite behavior, with decreasing oscillation amplitudes and/or increasing periods. Moreover, we find that gap oscillations can also arise in non-topological regions of the phase diagram, where only ABS are present or when the distinction between MBS and ABS in is not clear-cut. As an example of the latter, we show that the effective topological phase boundary can become dependent on chain length, with a smooth cross-over from wire-end point localized MBS to ABS spreading over the full chain as function of magnetic field strength. This behavior is particularly prominent in regions of the phase diagram without an upper bound in magnetic field of the topological phase. Taken together, these results show that the behavior of MBS and their distinction from ABS are highly parameter dependent. Ascribing particular oscillation patterns to MBS can be treacherous, and instead close attention has to be paid to system details to produce reliable predictions.
The rest of the text is organized as follows: In Sec. II, we introduce the model Hamiltonian used to describe the system and introduce the methods used to calculate its properties. The bulk system is studied in Sec. III, where a robust classification procedure of the bulk topological phases in terms of Majorana numbers is presented and used. We here also discuss how the bulk phase diagram depends on the spiral angle of the chain and doping. Different finite-size chains and MBS are explored in Sec. IV. Here we primarily focus on gap oscillations in the lowenergy states and study their behavior as a function of the chain size and other parameters. We close with our conclusions, given in Sec. V.
II. MODEL AND METHOD
For the description of the honeycomb material on a superconducting surface, we consider the sample in Fig. 1(a) , where the white and black dots represent sites belonging to the different sublattices in the honeycomb structure. The impurity chain, formed by magnetic adatoms or substitutional impurities, is represented by blue dots and is embedded in lattice along the zigzag direction but only occupying one sublattice. This setup mimics that of impurities along a zigzag edge of the honeycomb material, although here we only consider chains fully embedded in the bulk. We fix each impurity to have a magnetic moment confined to the plane of the system (xy). At each site along the magnetic chain, the magnetic moment is rotated by a fixed angle θ from the preceding one, as shown in Fig. 1(b) . The cases θ = 0 and θ = π thus represent ferromagnetic and anti-ferromagnetic ordering, respectively. A generic θ = 0 leads to a spiral magnetic order in the chain, as illustrated in Fig. 1(c) .
To model a QSHI and also accomplish the necessary spin-orbit coupling for a topological phase even for a ferromagnetic chain, we consider the Kane-Mele Hamiltonian (H KM ), which includes the spin-orbit coupling for allowed by symmetry in a 2D honeycomb systems. Combined with proximity induced s-wave superconductivity and magnetic impurities the full model Hamilto-
In the above, t is the hopping between nearest neighbors in the honeycomb lattice, µ the chemical potential, and λ SO is the spin-orbit coupling strength within each sublattice acting between next-nearest neighbor sites. The chirality of the spin-orbit term is expressed
, where d i,j are unitary vectors connecting sites i and j, while s i are the Pauli matrices in spin space. We assume classical spins such that the magnetic impurities are described by Zeemanlike, local magnetization terms V z with an alignment
) with x j being the enumeration of the chain's impurities and where I is the set of impurities' positions.
Finally, H SC represents the proximity-induced BCSlike superconductivity, given by an effective (attractive) electron-electron interaction term represented by an onsite interaction −U sc . This term effectively encodes processes of Cooper pairs leaking from the superconductor into the honeycomb lattice by adding a finite paring interaction in the honeycomb material [30] [31] [32] . We treat the superconductivity term in a standard mean-field approach H SC = i ∆c i,↑ c i,↓ + H.c. with ∆ = −U c i,↑ c i,↓ , being superconducting order parameter expressed though the self-consistency condition. This approach allow us to calculate ∆ self-consistently only assuming a value for U . Thus ∆ is always appropriately adjusted with respect to the chemical potential (or any other parameter). We perform the self-consistent calculation by starting with an initial guess for ∆ in H. Then we find a new ∆ by first diagonalizing H and then recalculating ∆ from the self-consistency condition. We reiterate this procedure until the difference in ∆ between two consecutive iterations is less than 10 −3 . All calculations are done for λ SO =0.5t, which gives a normal state full energy gap 2λ SO = 1t and an electronelectron interaction U sc = 2t, which is enough to yield a superconducting order parameter ∆ ∼ 10 −3 t in the bulk even at small doping levels, set by a finite µ. Due to our self-consistent approach, the order parameter increases with µ, as shown in Fig. 2 . As µ increases, the normal state energy spectrum goes from that of an insulator to that of a metal, followed by an increase in ∆. This however does not affect the existence of a topological phase and MBS. It should be noted that, in a finite system, the order parameter is generally larger at the edges 33,34 so that these values of ∆ are actually a lower bound. We have checked that the resulting superconducting order parameter ∆ does not change significantly in the bulk of the sample if the self-consistency procedure is applied in the system with or without magnetic impurities. For improved numerical efficiency, we therefore calculate superconductivity self-consistently in a clean sample with no impurities, in order to obtain ∆. This bulk value of ∆ is then used in the system with impurities. This procedure is further justified by the fact that features such as gap oscillations are, in general, not affected by inducing a local ∆ on the magnetic impurity sites.
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In order to obtain the bulk spectrum for H, we perform numerical calculations by putting the system on a torus, equivalent to applying periodic boundary conditions (PBC) only sampling at the Γ. In this setup the magnetic chain span the full length of the system. In this case, the spiral angle θ and the number of chain sites N are related by N θ = 2πk where k is the total number of spiral rotations, as illustrated in Fig. 1(c) . As such, the longitudinal size of the system depends on θ, while the number of sites in the transverse (armchair) direction remains fixed, where we use 20 sites unless otherwise stated. When instead simulating finite chains fully embedded in the host, we use a supercell approach to fully isolate the chain from its periodically repeated copies and θ is thus not constrained in this situation. Nevertheless, we used the same θ-values to compare both calculations.
III. TOPOLOGICAL PHASE DIAGRAMS
In order to verify the presence of a topological phase, we calculate a "Majorana number" for the Hamiltonian H(N ) where N is the number of (real space) sites of the chain using PBC. In general, the Majorana number M(H) for a 1D Hamiltonian H can be is defined in terms of the Pfaffian (Pf) as
where "Sgn" is the sign function, N 1 and N 2 are the sizes of two chains with different lengths. It is clear that, for 2N 1 )) ] and the Majorana number can thus be determined by a calculation of the Pfaffian of the Hamiltonian for a chain of 2N 1 sites. In our case, applying PBC in both spatial directions of the honeycomb lattice we arrive at a pseudo-1D system along the chain direction with a finite width set by the transverse dimension. However, as long as this finite width is kept constant, the parity of the ground state and thus the Majorana number do not change. We can therefore apply Eq. (2) to gain a topological characterization even in the case of the inhomogeneous 2D system given by H(N ). We notice, however, that the calculation of the Majorana number in terms of the Pfaffian is restricted to those cases when the spiral angle θ is such that the number of spiral rotations k 1 = N 1 θ/(2π) of the system with N 1 sites is an integer. In these cases, it is clear that the number of spiral rotations k for H(2N 1 ) is an even number. Thus, for a given θ and N , some care needs to be taken as the Pfaffian and the Majorana number can have different signs if k is odd. Numerically, the Pfaffian was calculated using the package of Ref. 35 .
Having established a convenient way of deducing the existence of a topological phase we study several different spin spiral configurations. To this end, we consider an 800-site system with a 40-site chain for the ferromagnetic case θ = 0, and a 640-site system with a 32-site for spiral chains θ = π/4 and θ/2, always keeping the transverse direction fixed. We map the Majorana number as a function of both the chemical potential µ and Zeeman splitting V z for these three configurations, with the results summarized in Fig. 3 . The results show that the spiral angle θ strongly influences the shape of the phase diagram. In the FM case, Fig. 3(a) , the boundaries between trivial and topological phases are marked by curves of the form µ ∼ 1/V z + µ min such that, for a given µ > µ min there is always a topological phase for some value of V z . This result is similar to that found for a ferromagnetic domain at the edge of a honeycomb QSHI.
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In sharp contrast we find the results for the spiral cases in Figs. 3(b,c) . In these cases, there are "crossings" of the phase boundaries such that there are discrete values µ for which there exist no topological phase. Also interestingly, there are regions where the phase boundaries become essentially horizontal. For a given µ in these regions, there is exists a lower bound for V z to enter a topological phase but no upper bound where a trivial phase re-enters. As we shall see, in these unbounded topological regions, the distinction between MBS and ABS is not as clear-cut as in bounded regions. Finally, for the antiferromagnetic alignment θ = π, we found only a triv- ial phase, which is consistent with previous results. 21 We note in passing that the spiral angle is not easily controlled in experiments, which makes this distinction an even greater challenge for experimentalists.
IV. MAJORANA BOUND STATES
The above characterization of topological phases for bulk systems is very helpful to identify MBS in the energy spectrum of systems which have finite magnetic chains. An example is shown in Fig. 4 for a ferromagnetic chain (θ = 0) for the parameter choices indicated by dashed red lines in Fig. 3(a) . The spectrum of the system with a finite-chain seen in Fig. 4(b) clearly shows low-lying edge states which are absent in the bulk calculation in Fig. 4(a) . These states occur between gap closings in the bulk spectrum at V z /t ≈ 2 and V z /t ≈ 7, values that coincide with those of the topological phase transitions for this particular value of µ in Fig. 3(a) . These are therefore MBS of the finite chain.
We see that the MBS oscillate as a function of Zeeman field V z , effectively opening and closing the gap. Similar gap oscillations have been identified as signatures of MBS in quantum wires where the gap has been found to change with V z according to the Ansatz:
Here L is the chain length, k F (V z ) ∝ V z is the Fermi wavelength and ξ is the localization length of the MBS along the wire. Notably this Ansatz gives an increased amplitude and decreased period for the gap oscillations with increasing magnetic field V z and also an exponential suppression with wire length. Although Eq. (3) was originally derived for a singleband semiconductor nanowire, 25 our results indicate that it can be at least be qualitatively applied to describe the oscillations in ∆ (V z ) also in systems of magnetic impurities for some parameter regimes. For example, in Fig. 4(b) we show how the amplitude of the MBS energy level oscillations increases with increasing V z , in agreement with the Ansatz of Eq. (3). Moreover, Fig. 5 shows that the oscillation amplitude of the peaks marked by color dots in Fig. 4 (b) also decreases exponentially with the chain length, in agreement with the Ansatz of Eq. (3). This is consistent with exponential topological protection for the MBS in the limit of large chains. 25 It is worth mentioning that increasing the length of the chain also increases the overall number of oscillations within the topological phase "window" in V z , which is also consistent with Eq. (3). After the crossing at V z /t ≈ 7, the lowest lying states are still sub-gap states states inside the superconducting gap, but now localized over the whole impurity chain. However, they show no oscillatory pattern and their energies is far from zero. Such states can therefore be identified as ABS, which are clearly distinct from the MBS in the topological region 2 V z /t 7 .
The distinction between MBS and ABS found in Fig. 4 is however not as clear-cut in other parameter regimes. Fig. 6 shows results for a 21-site chain with spiral ordering (θ = π/2) at µ = 0.4t. The bulk phase diagram in this case, Fig. 3(b) , shows that the topological region for this value of µ starts at V z ≈ 4t while the upper boundary line becomes essentially parallel to the V z axis, such that the upper bound in V z occurs at a relatively large value of V bulk zc ≈ 18t. These topological phase transitions are fully consistent with the bulk energy bands crossings in the spectrum shown in Fig. 6(a) . Comparing the bulk spectrum with that of the finite-chain in Fig. 6(b) we find low-lying MBS but also some important additional features. As a general trend, the energy oscillations of the MBS deep in the topological phase actually decrease in amplitude with increasing V z . This clearly contradicts the prediction of the Ansatz of Eq. (3). We attribute this opposite behavior to a strong hybridization between the chain and the bulk states, which is much more relevant for magnetic impurities than in nanowires. The strong hybridization is in fact evident when comparing Figs. 6(a) and (b), as they show how the finite chain introduces hybridization-driven anticrossings in the spectrum that repel the bulk states to higher energies. The decreasing of the MBS oscillation amplitude with increasing V z remains even in the case of larger chain lengths, as shown in Fig. 7 . While the overall amplitude of the oscillations is strongly suppressed with increasing chain size, corroborating the exponential localization of the MBS as in the case nanowires, the oscillations amplitude always decreases with V z for a given size L. Thus this provides an explicit example of MBS oscillations that do not increase with magnetic field as often assumed. Also important in Fig. 6 is that the upper magnetic field for which the gap closes, V than the bulk value of V bulk zc ≈ 18t. A possible explanation for this behavior is that the low-lying MBS always shows hybridization with the bulk states, producing a slight shift in the gap closing point and no closing of the bulk spectrum even for longer chains. In fact, we see the bulk having a tendency to a gap closing in the longest wire (black states in Fig. 7 ), but not in any of the shorter wires. The experimental implications of this result are far reaching: The MBS located at the chain end points only exist within the topological phase but evolve energy-wise smoothly into the ABS in the trivial phase. The transition is not only smooth in energy but also happens at a magnetic field strength that depend on the chain length. It thus becomes experimentally very hard to distinguish between the MBS and a topological phase versus the trivial phase with its ABS.
For the cases when there is no upper bound in V z for the topological region it is even harder to make a clear distinction between MBS and ABS states. One such case is shown in Fig. 8 for θ = π/4 and µ = 0.2t. The corresponding phase diagram in Fig. 3(c) shows a lower bound for the topological region at V z ≈ 8 but we find no upper bound up to V z = 40. In this situation, the lowest energy state's amplitude oscillations seen in Fig. 8(b) increase in amplitude, as predicted by the Ansatz of Eq. (3). There is, however, a clear increase in the oscillation period, which is at odds with the predictions of Eq. (3). Intriguingly, the overall amplitude can be of the order of the superconducting gap (∆ ≈ 0.004t). Moreover, just inside the topological phase we find MBS localized at the wire end points as anticipated, but even for moderately small V z we find the lowest energy state instead being localized across the full chain, behaving as an ABS instead. Thus, the same phenomena of a moving phase boundary with wire length as in Fig. 7 is likely present here as well, although exact boundaries are not possible to establish due to the unbounded topological phase.
Clearly, the results for spiral chains in shows that one needs to exercise extreme caution in using an Ansatz such as Eq. (3) as a test for the presence or not of MBS in the spectrum as well as their properties. Depending on the microscopic details the MBS can both show increasing and decreasing oscillation amplitude and periods with increasing V z as well as a very smooth transition to ABS within any finite chain setup even if the infinite chain is in the topological phase.
Finally, we consider the crossing points of the boundary curves in the θ = 0 phase diagrams in Figs. 3(b,c) . These points correspond to values of µ where no topological phases appear independently of the value V z any low-energy state states should thus all be ABS. One example is θ = π/2 and µ = 0.192t, as shown in Fig. 9 . The subgap states appearing in the finite-chain calculations, red points in Fig. 9(b) are all ABS and the gap oscillations are clearly distinct from those cases where MBS appear. We have confirmed that these states are also not localized on the chain end points but spread over the whole chain. We notice also that the gap does not close completely (within numerical precision). 
V. CONCLUDING REMARKS
To summarize, we study the topological phases and MBS in a chain of magnetic impurities on a honeycomb topological insulator with induced s-wave superconductivity. The shape of the doping vs. magnetic field phase diagram changes significantly for different configurations of the magnetic ordering along the chain, showing features such as crossings of phase boundaries and unbounded topological regions depending on the spiral angle of the magnetic moments.
Importantly, we also show that the effectiveness of using gap oscillations as a tool to distinguish topological Majorana bound states (MBS) and non-topological Andreev bound states (ABS) in this system is strongly impaired. In some cases, a behavior similar to that predicted in the literature for nanowires, 25 with increasing amplitude and decreasing oscillation period with magnetic field is obtained. In other cases, however, we obtain MBS-generated gap oscillations which behave completely different, either decreasing in amplitude and/or increasing in oscillation period, as well as similar oscillatory behavior in non-topological regions of the phase diagram, where only ABS are present. The difficulty in using gap oscillations to distinguish MBS and ABS is most pronounced in regions of the phase diagram without a clear upper bound in magnetic field for the topological phase. Here also the magnetic chain length plays a fundamental role in the formation of MBS or ABS, even if the infinite chain is in the topological nontrivial phase. In conclusion, our results show that topological phases and their associated MBS can show wildly different behaviors even in very simple models of real materials. In particular, our results strongly caution against interpreting experimental results of oscillating low-energy states as indicative of non-trivial topology based on specific oscillations properties.
